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A TRACING OF THE FRACTIONAL TEMPERATURE FIELD 


S.G. SHI AND J. XIAO 


Abstract. This note is devoted to a study of U-tracing of the fractional temperature field u(t, x) 
the weak solution of the fractional heat equation (dt + (— A x ) a )u(t, x) = g(t,x) in L P (R^ +TI ) 
subject to the initial temperature u(0, x) = f(x) in L p ( R n ). 


1. Introduction 


Directly continuing from mm, we consider the fractional heat equation in the upper-half 
Euclidean space R^ 71 = R + x R n with R + = (0, oo) and n > 1: 


( 1 . 1 ) 


(d t + (-A X ) a )u(t,x) = g(t,x ) V (t,x) € R+ +n ; 
u( 0, x) = f(x) V x € R 71 , 

where (—A x ) a denotes the fractional (0 < a < 1) power of the spatial Laplacian that is determined 
by 

(-A X ) a u(;x) = 2a Fu(;0)(x) V S G R” 

for which T is the Fourier transform and J 7-1 is its inverse. Specifically, we are interested in the 
trace of such a fractional temperature field (existing as the weak solution of (jl.lll ) 

u(t, x) = R a f{t, x) + S a g(t , x) 

with 

Raf{t,x) = e- t( - A ^ a f{x) = f Rn K t (a) (x - y)f(y)dy ; 

S a g{t,x) = f* e~^- s ^~ A ^ a g(s,x)ds = f Rn (f* K^ s (x - y)g(s,y)ds)dy, 

where Kj°' * 1 (x) is the fractional heat kernel 


K[ a \x) = (2vr)-t [ e ix " y - t \ y \ 2 °‘dy V(i,x)€ 
Jr™ 


pl+n 


whose endpoint a = 1 and middle-point a = 1/2 lead to the heat kernel and Poisson kernel: 

f1 ' _ii±l /n +1\ t 


K[ l \x) = ( 47 r)-f e -TT & k[ 2 \x) = ) 


('t 2 + \ X \ 2 ) 2 
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with r(-) being the classical gamma function. Although there is no explicit formula for K^{x) 
under a <E (0,1) \ {1/2} (cf. [8j [TO], [13 Q, HI OBS EL US Ed [22]), the following estimates are not 
only valid but also practical (cf. (3 ' I 07. SJ [20]): 

f K[ a \x) min{t _ ^,t|x| _ [ ri+2o! H « — T — - V (t,x) € M 1 / 1 "”; 

J (fZa + \x\) n +' 2a 

\ K[ a \x)dx = 1 V t <G (0, oo). 


As explored in mm, the regularity of u(t,x ) sheds some light on the traces/restrictions of 
R a f(t, x ) and S a g(t, x) to subsets of R{_ +n of (l+n)-dimensional Lebesgue measure zero. Here f(x) 
and g{t, x) are arbitrary functions of the usual Lebesgue classes L p { R n ) and L p (R^~ n ), respectively. 
In order to characterize the traces of R a f(t,x) and S a g(t,x ) on a given compact exceptional 
set K C R+ +ri , we investigate nonnegative Radon measures supported on K such that under 
1 < p,q < oo the mapping R a : L p (R n ) i-a L/ t (R^"*"™) and S a : L p (R^ +n ) i-a L®(R^jj" n ) are 
continuous - namely - 

(1-2) ^f + jRaf{t,x)\ q dfi{t,x)\ < ||/||lp(r») 

and 

(!-3) (J^ i+n \S a g(t,x)\ q dg(t,x)j < \\g\\ LP (R i+„), 


where the symbol A < B means A < cB for a positive constant c - moreover - A ~ B stands for 
both A < B and B < A. 

A careful examination of (11.21) and m indicates that they can be naturally unified as: 


(1.4) 



II/IIlp(R") as C T a,h ,X) = {R a , /, R n ); 

11 11Z/P ) as {Tor>h,l£) = (S a , g, R + + )• 


Describing such a measure g, on R}_ +n depends on a concept of the induced capacity. For a compact 
set K C R+ +n let 

C^\K) = inf{||h||^ (x) : h > 0 & T a h > 1 K }, 
where Ik is the characteristic function of K. Then, for an open subset O of R^” 1 " 71 let 


C^\0) = sup{Cp 7 “- > (R) : compact AT C O}, 
and hence for any set E C R}_ +n let 

C^ Ta \E) = inf{C^ Ta) (0) : openO D E}. 


According to mm, ^ 

B^{t 0 ,x 0 ) = {{t,x) € R+ +n : r 2a < t - t 0 < 2 r 2a k \x - x 0 \ < r} 
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stands for the parabolic ball with centre (fo^o) £ Mi_ +n and radius r > 0, then 


(1.5) 


C^(B^(to,x 0 )) 


r n as T a = R a ; 


r n+2a(i-p) as T a = S a & 1 < p < 1 + 
Below is a tracing principle for the fractional heat equation ED- 


n 

2a' 


Theorem 1.1. Let 0 < a < 1 and 1 < p < 1 + Then 


Ell) <£> < 





(c^ Ta) (to,Xo)j ) 


jpt : (r, to, xq) E M+ X M + X R n > < oo as p < q\ 


n(K) 

Cp Ta \K) 


: compact K C M^ +n ^ < oo as p = q\ 

q(p- 1) 


oo ( fi(Bi a \to,x 0 )) \ p -l 


0 \cl Ta \Bi a \to,x 0 )) 


dr 


dp(to,xo) < oo as p > q. 


Here, it should be noted that R a - case of Theorem O under p < q has been treated in [7] 
Theorems 3.2-3.3]. Of course, the remaining cases of Theorem 1 1.1 1 are new. Perhaps, it is worth to 
point out that under p = q, 

p(K) 


sup 


: compact K C M;' ( +n S < oo 


<T a ), 


p \K) 


implies 


sup 


C, 

h(Bp{t 0 ,x 0 )) 


: Bp(to,xo) C M^ +n S < oo 


.cf o) (B«(t 0 ,®o)) 

but not conversely in general - [Q Theorem 4(ii)] and its argument might be helpful to produce 
a ball-based sufficient condition for (11.41) to hold. Upon dp = dtdx in S a -case of Theorem 11.11 we 
have p(Bl a \to, xo)) « r n+2 “, thereby folding that (cf. |2D Theorem 1.4]) for g E T p (M) t +n ) one 
has 

( 2ap \ 

ll 5 «5lL?(Ri+") ~ II»IIlp(r|+») where 9 = P y 1 + n + 2a-2ap ) > P ' 

Although R a and S a behave similarly, the argument for Theorem 11.11 will be still split into two 
parts - one for R a in Section 2 and another one for S a in Section 3 - this is because the subtle 
difference between R a and S a can be seen clearly from such a splitting arrangement. 

2. Ra S TRACING 

In this section we verify Theorem 11.11 for T a = R a . To do so, we need three lemmas as seen 
below. 

The first is about the dual representation of Cp Ra \K) for a given compact set K C M+ +ri . 

Lemma 2.1. Let U + (K) be the class of all nonnegative Radon measures p with compact support 
K C Mi +n and the total variation IInil. Then 


< 1 


C( Ra \K) =sup|||/x|| p : p£U + (K)&, f ([ K?(x - y) dp(t,y)) P 1 dx 
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Proof. Note that 

/ R a f(t,x)h(t,x)dtdx= I f(x)( / K[ a \x — y)h(t,y)dtdy] dx 

JK^ +Tl JR™ ' J«f+ n ' 

holds for all (/, h) € Co°(M ri ) x Co°(M^ +n ) where Cq°(X) stands for the class of infinitely differ¬ 
entiable functions with compact support in X = 1" or Thus, the adjoint operator of R a is 

defined by 

(R* a h)(x) = [ K t (a) (x - y)h(t, y)dtdy V h € C^(R\ +n ). 

J R^+ n 

For any nonnegative Radon measure y in and a continuous function / with a compact support 
in M n , one has 

[ Rafdy < ||/||l°°(r»)IIHI- 

jR 1 + n 

Therefore, the Riesz representation theorem yields a Borel measure v on M n such that 

I R a fdy = [ fdv V / > 0. 

Jr|+" J r« 

This means that v = R* a y can be defined by 

R* a p( x ) = [. K t a) ( x ~ v)dy{t, y). 

J R]j_+ n 

According to [71 Proposition 1], one gets 

C^\K) = supjlHr = f^€U+(K) & ||R>|| , < l}. 


□ 


The second is about L p -boundedness of the fractional maximal operator of parabolic type. 
Lemma 2.2. For a nonnegative Radon measure y on R^ 71 let 

M a y(x) = sup r~ n y(B^\r 2a ,x)) 

r> 0 

be its fractional parabolic maximal function. Then 

\\M a y\\Lr(R") ~ WRaTWLPiS.™) V ])£ (l,Oo). 

Proof. A straightforward estimation with x € M 71 and R* a y(x) gives 

t 


R. 


A x ) £ [ 

JE 


whence 


This implies 


(t 2 Z + \x- y\)n+ 2a 

Kv( x ) Z M a y(x). 
\\M a y\\LP(Rn) < \\Kt\\lp(R^)- 


0. 
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To prove the converse inequality, we slightly modify [21 (3.6.1)] to get two constants a > 1 and 
b > 0 such that for any A > 0 and 0 < e < 1, one has the following good-A inequality 


n-\-2a 


( 2 . 1 ) 


\{x € M n : R*Mx) > aA}| < be~\{x € M n : R* a n{x) > A}| 

+ \{x € M n : M a fj,(x) > eA}|. 


Inspired by [2j, Theorem 3.6.1], we proceed the proof by using (12.11) . Multiplying (12.11) by X p 1 and 
integrating in A, we have for any 7 > 0, 


f'f 

■Jo 


n-\-2cx. 


n 


iel": Kn(x) > aX}\X p ~ l dX < be— / \{ x e K n : R* a n{x) > X}\X p ~ l dX 

Jo 


n 

+ \{x e 

■Jo 

An equivalent formulation of the above inequality is 
n~P 


M af i(x ) > eA}|A p- 1 dA. 


r f‘ r y 

/ |{x (E R n : R*Mx) > aA}|A p_1 dA < be^ / \{x € R ri : R* a fi{x) > AjlA^dA 

Jo Jo 

+ e~ p f \{x € R n : M a /j,(x) > eA}|A p_ 1 dA. 
Jo 

n-\-2a. I 

Let e be so small that be « < ^ a~ p and 7 — > 00 . Then 

a~ p f (R* a ^{x)) p dx < 2e~ p f ( M a fi(x)) p dx. 

J Jm. u 


That is 


\\M a »\\ 


LP (K n ) 


> \\R >II 


□ 


The third is about the Hedberg-Wolff potential for R a : 



V (t, x) € R+ +Tl 


Lemma 2.3. Let 1 < p < 00 , p' = —^j-. and fi be a nonnegative Radon measure on R^T TTien 


iKfiiL<.»> 


/ 


1+n 

+ 


Papt^ d^- 


Proof . Below is a two-fold argument. 
Part 1. The first task is to show 

Note first that 


fi(Bj a \r 2a , x)) 


|jT 2r ^i(^ a) (s 2a ,x)) 



^°° | V(l#V a ,*)) 
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Therefore, one has 


M a n(x) 


< 


00 (ii{Bi a \s 2a ,x))Y ds 



By Lemma 12.21 it is sufficient to verify 

00 fn{Br a \r 2a ,x))\ P dr 

--- —dx < 



0 


/Ri +n Jo 



n(B ( r a \t,x))\ P 

/ r 


Using the Fubini theorem, one has 

OO / d (°0 (JlOL 



n(Br (r 2a , x)) \ dr 
- —dx = 


A further application of Fubini’s theorem yields 


/1 


y(Br°\r 2a , x)) p ' dr 

- ; - dx —. 

rpTip' rp 


l4B^(r 2a ,x))P'dx < [ [ ii(B^\r 2a ./x)y'-'dxdn 

JBi a) (r 2 “ ,x) il" 


< 


f [ ^Bj^ir^/^dxdn 

JBj*' (r 2a ,x) it" 


f p{B\X (r 2 “, y)) v '~ l dy. 

JBi. a) (r 2 “ ,x) 


Therefore, 



fi{Br a \r 2a , x)) p ' , dr "*> 
- 7 - dx — 

pnp r 


r Jo JbY\v^,x) j-rafp'-!) 


n{Br a \r 2a ,y)) p ' 1 1 dr 
r 


< 



— dy 


dy(t, x), 


as desired. 

Part 2. The second task is to prove 


Since 


\\ R ap\\ LP ' ( K n )rfa; ) 


ll^^ll~ j R l+n Pa P^ d ^- 

[ {R*aP( x )Y _1 (R*aH(x))dx 
J R™ 

/ [ { R * a Xx)) p '~ lK t a \ x ~ y)dxdy(t,y). 

JRl +n J R" 


Upon writing 


K(t,x) = [ ( R* a y(x)) p ' 1 K ( t a \x -y)dx 
J R n 
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and 


B(x, 2~ m ) = {yeR n : \x - y\ < 2~ m k (2~ m ) 2a < t < 2(2~ m ) 2a } V m € Z = {0, ±1, ± 2 , 
we obtain 

t ( f s 


K(t,x ) ~ f —r 
J R n It 2a 


+ \x - y |) n + 2 “ ( S 2 F + |y - z|) n+2a 

/ \ p,_1 

> E f 


y'-i 
dy dy 


2 ~ m ) 




> 


E 

m£Z 


(y(B^} m (t,x)) 


s 2 a dy J dy 

p'—i 


> 


B(x, 2~ m ) y 

/•°° i r 

I / 

7o Jb(x ,2 


2 -m I 
y(B^J m (t,x)) 


dy 

p'-i 


dy 


dr 




> 

r^i 


( y( Bi a \t, x)) \ P dr 

pTL J rp ^ 




thereby reaching the required inequality. 

Now, Theorem II.II with T Q = i? Q is contained in the following result. 

Theorem 2.4. For a nonnegative Radon measure y on Rp” and A > 0 set 

C R (y; A) = inf ^C^ Ra \K) : compact K C M^ +n k y(K ) > A j. 

(1) Ifl<p<q<oo then 

/rrnh ... F(Bi a \t 0 ,x 0 )) 

(11.2D sup < oo sup -—-< oo. 

A>0 A) (r,io 5 #o)£®H- xR_|_xl n 


nq 
T P 


(2) If 1 < p = q < oo then 


( 11.211 <$> sup ■ 


A 


a>o Cn(y, A) 

(3) 1 < q < p < oo then 


< oo 


y(Bl a \t 0 ,x 0 )) ^ N 

sup ---< oo 

(r,to,^o)oM+ xM+ xR n ^ , 


dH2D o 




dX 


<oo« € L9(P- 1 )/(P-9)(Ki_+"). 


□ 


\C R (y;X)J A 

Proof. Since (1), (2) and the left equivalence of (3) are contained in 0 Theorems 3.2&3.3] whose 
proofs depend on Lemma 1 2. II it is enough to check the right equivalence of (3). Our approach is 
a fractional heat potential analogue of the Riesz potential treatment carried in [ 6 , Theorem 2.1]. 
Step 1. We show 

CL2D =► P R y € L^- 1)/(p - 9) (K+ +n ). 
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To do so, we first denote by Q | Q ^ the a-dyadic cube with side length l = l(Q and corners in 
the set j7 2 “Z + , IIP} with Z_|_ = {0,1,2, • • • } - namely - 

Q\ a) = {[ k 0 l 2a , (ko + 1 )l 2a ) x [fcil, (fci + 1)0 x ■ • • x [k n l, (k n + 1)1)} as k 0 € Z+ & k { e Z 

for i = 1, 2, • • • , n. Next, we introduce the following fractional heat Hedberg-Wolff potential gen¬ 
erated by T> a - the family of all the above-defined a-dyadic cubes in RV*" n : 


P ap R l4t, x)= Y 


KQ\ 


(a)x\ P'- 1 


Q, (a) G£> Q 


P 


!g(“) (0 


and then prove 


( 2 . 2 ) 


(Tb 2 ll =>- [ (P^n(t,x)) (p-i) dfi(t, x) < oo. 

.yRi+ n 


Indeed, by duality, 111.2b is equivalent to the following inequality 


\K(gdliW LP , (Rn) 


n'— Q 

V < ||„||P # W rv C T q 9-1 


|g|l h'(Ri+") Vg6L “ 


It is easy to check that Lemma 12.31 is also true with Pap yi in place of P R p P and g d/i in place of 
d(i. So, one has 

, r / f 0 MS(t,x)dfi(t,x)\ p 

\\K(sd^)\\ P LP , {Rn) > J^ i+n P^ R (gdn)(t,x)g(t,x)dn(t,x) > Y I —--- 1 *"■ 


Consequently, 

(2.3) 

Upon setting 


E 


/q(«) g {t,x)dn(t,x)' 


q: 


(«> 


p 


Q 


l n < Ilell p , 

~ (R(_+ n 


v> = — — 1 . 


one hnds that ( 12 .3p is equivalent to 


E X Q\ a) 


/gWg^' 


Q 


(<*) 


p(Qi a) ) 


< |lell p 

r^j 11 O 




pi +n\ 


Dehne the following dyadic Hardy-Littlewood maximal function 

M*h(t,x)= sup * f \h(s, y)\d/i(s, y) V Q (a) € £>“. 
0 t,x)eQ («) m(Q ( o °) Vq(“) 

Then M p is bounded on L p (M ] f +n ) for 1 < p < oo. Write 

g (t,x) = (Mfoy(t,x) under 0 < h € L q '/ p '(R 1 ^). 
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It is easy to check that 


f Q (a)g(t,x)d/i(t,x)y ^ f h(t,x)dfi(t,x) 


KQ\ 


(<*)> 


KQ, 


OF 


and so that 


This in turn implies 




Y v<° 


/ (a) h(t,x)dp(t,x ) 


(«) 


Q 

and thus via duality 


namely, 


which yields ( 12 . 21 ) . 

Next, set 

p^ ji l ,(t,x)= y 

Q[ a) GV° 

■>(“) 


KQ, 


Oh 


11 ' L 11 T 


v h € L^(RH"), 


q(«) AW/ ) 


E 




WA P ' _1 


Q 


(«) 


l r 


q(p- 1) 

1 ^(«) e V* ml+n 


Q 


+ h 


M< 2 / (a) ) 


p'-l 


1q(=) (*> ®) & T>“ = X>“ + r = {Q[ a) + r} n _ (a) / c7Ja 


Q ; ex>° 


where Q\ a> + r = {(t, x) + r : (t, x) £ Q^} means the M+ +n 3 r-shift of Q\ a> . Then (|2.2|> implies 


1 +n 


lO) 


(2.4) 


sup [ (P^ p ’ R p(t,x)) <p-«) dp(t,x) < oo. 

l+«JK 1+ " 


rgR 


Now, it remains to prove 


G LJ ( p- 1)/( p- 9 ) vji . + 


apr" "p 

Two situations are considered in the sequel. 

Case i.f. /i is a doubling measure. In this case, P R p )u £ L q p p l ^^ p is a by-product of 

p. 2 l) and the following observation 


P a P K^x) < Y 


d{Q 


( 0! )*^^ p, 1 


Q 


(<*) 


l r 


1 q(“) (^> ^O) 


where Q'j° R is the cube with the same center as and side length two times as Q . 
Case 1.5. p is a possibly non-doubling measure. For any p > 0, write 


P ap,pH{ t , x ) = I 

Jo 


(a),. xsXP'" 1 




dr 

r 
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Then 

Pap^, x ) £ P~ {n+1) [ Pa'p' R p(t, x)dT. 

J\r\<P 

In fact, for a fixed x £ R n and p > 0 with 2 l ~ 1 p < p < 2 l r\ (where i £ Z and p > 0 will be 
determined later) one has 


i 

P ap,pV(t, X )^ 

j=-oo 


( d-( B 2l ] v (t, x )) 

^ (2 irj) n 


p'-i 


For j < i, let be a cube centred at x with 2 - 7 ” 1 < l < 2E Then B^(t,x) C Q^ a ) for 

sufficiently small p. Assume not only that E is the set of all points r £ R+ +n enjoying |r| < p 
with \E\ being the (1 + n)-dimensional Lebesgue measure, but also that there exists £ V° 

satisfying l = 2 - ?+1 and Q^j C Q^’ r . A geometric consideration produces a dimensional constant 
c(n) > 0 such that \E\ > c{n)p n+1 V j < i. Consequently, one has 


1 ^ 1^1 1 / ^Qi a) ’y il Q C«)u(^a;)c?' 


(«)/ 


1 = 23+1 


Q 


<p fo+l) f p{Q < , a) ’ T ) P ' 1 1 {a): r(t,x)dT, 

J\r\<P , Ql 


1=2 J+ 1 


and so that 


<„m(*,^)<C" +1) / E E 


p{Q 


W.xA ^" 1 


< P~ {n+1) 


l T l$P j=-ool=2i+ 1 V 

P ap’ R p(t, x)dr, 


l n W,T(t, x)ds 

l 


'M Sp 


whence reaching ([ 2 ]). 

From Q, the Holder inequality and Fubini’s theorem it follows that 


X r ( p ‘Sv' ,(t ’ x) ) 


i(p- 1) 

P q dp(t,x) 


< 

rs_/ 






g(p-i) 

p-q 


V-Q 

9(P-1) 


dr 


M$p 



1 P-9 

9(P-1) 


g(p-i) 

p-q 


dp 


< 

r^j 





dr 


< «(n), 


where the last constant «(n) is independent of p. This clearly produces 



via letting p —> oo and utilizing the monotone convergence theorem. 
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Step 2. We prove 

^ aph* v J -‘p. 

Recall that (11.21) is equivalent to the following inequality 


P%,H £ L9(P- 1 )/(P-'?)(Mi +n ) =► ljT2j) . 


< l|g|l L £ (*!_+») Vg£ L^(M^ +n ). 

Thus, by Lemma HOI it is sufficient to check that P^ph € L/(p-'h (jj >+ n ) implies 


(2.5) 


P a P (&dn)(t,x)g(t,x)dn < ||g|| p , 


ji+n 


apt- 

p' 


ap 


L* 


pl+n 


,<40 


v g G LI 


There is no loss of generality in assuming g > 0. Since 

[fi(Bl a \t,x))\ P (Ib^^x) g ^’ x )dp\ dr 


P a P (sdfd)(t,x) 


l 


0 V 


H(Br a \t,x)) 


< 


(M fi g{t,x)) P ' 1 Pa p n(t,x), 


an application of the Holder inequality gives 
[ Pap(sdn)(t,x)dfj,(t,x) 

[ (Mftg{t, x)) p Pa P n{t, x)g{t, x)dp(t, x) 
J Rl+ n 


< 


< 


f!+n 


(M fJ ,g(t,x)) q dfi(t, x) 


<? 

P' ~ 1 


ji+n 


g (t,x)P*n(t,x 


q'—p' + l 


q -p +1 
¥ 


dp(t, x) 


Here 


Mpg(t,x) = sup -ttt- g (s,y)dp(s,y) 

r>0 f/(Br (t,x)) JbY\ t,x) 

is the centered Hardy-Littlewood maximal function of g with respect to p,. The fact that M „ is 

bounded on L c f (R^ 77 ) (cf. [IT]) and Holder’s inequality imply 


/ 

Jr 


1+n 


P ap(sdp)(t,x)dp{t,x ) 


< 


g 


r9 /'TCP 1 + n 


) \ JR 1+n 


. p-q 

q(p-l) \ q(p-l) 

PapP) ^ dpi 


whence (12.51) . 


□ 


3. S a ’ S TRACING 


In this section we verify Theorem 11.11 for T a = S a and 1 < p < 1 + ^-. Like proving Theorem 
11.11 for T a = R a , three lemmas are required in what follows. 

The first is regarding the dual formulation of Cp Sa \K ) of a given compact set K C R+~ n . 


Lemma 3.1. Let p £ U + (K), 1 < p < 1 + p' = S'* be the adjoint operator of S a , and 



(t,x)£R\ +n 
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Then: 

(a) 

(b) 


C^(K) = sup-tH/if = h G U + {K) & \\S* a g\\ T y 


j!+n 


<!}■ 


II 


/ 


1+n 


pS pf i(t,x)dn(t,x). 


\ LP ' (t^") 

Proof, (a) Since S'* is determined by 

J (S a g)hdtdx = j g(t,x) ( [ h(s,x)ds ] dtdx V h £ C'^°(M^ +Tl ), 


it follows that for any /i £ Cq 0 


1 ) 1+71 


) one has 


S^h{t,x) = f e ( s h(s,x)ds = f K^ t (x — y)h(s,t) dsdy. 

Jt J[t, oo)xR n 

The definition of /S’* is extended to the family of all Borel measures g with compact support in 

R^ +n : 

S*g(t, x) = f K ( s °} t (x - y) dg{s, y). 

J [t,oo) xl n 

According to m Propostion 2.1], we have 

cf ‘ *\K) = sup{||HI P : g € U+(K ) & ||5*/i|| £p / (R i+ n) < 1}. 

( 6 ) This can be proved via a slight modification of the argument for Lemma 12.31 - in particular 
- via replacing the maximal function M a g(x) by 


M a g(t, x) = supr n / dg. 

r> 0 JBr a \t,x) 


□ 


The second indicates that Cp Sa \K ) of a given compact K C K+” can be realized by gx{K) of 
an element gx £ U + (K). 

Lemma 3.2. Let K be a compact subset o/R+~ n . Then there exists a gx £ U + (K) such that 
gx(K)= f (S* a gx(t,x)/dtdx= [ S a (S*gx) p '- 1 dgx = C^\K). 


Proof. Lemma fTTT ai (plus [T2] Propostion 2.1]) ensures the existence of a sequence {gi} C U + (K) 
such that 

IISM^i+n) < 1 & lim g i (K) = (C^(K))p 

v + ' z — yoo 

f Q \ 1_ 

and gi has a weak limit g £ U + {K). Thus g(K ) = ( Cp “ (K))p. It follows from the lower 
semi-continuity of S*g on U + (K) that ||<S , */x|| LP /^ R i+n^ < 1. Meanwhile, the following estimation 


< 




S a gdg= g(t,x)S^g{t,x)dtdx<\\g\\ LP(a ^n ) \\S^ l g\\ LP . 
Jk1+" + 

gives 115^/ill^^i+nj > 1. So, \\S*g\\ L g ^l+nj = 1. 


//in)l+n\ 
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Choosing gx = Cp Sa \K)p r g and using fi(K) = (Cp Sa \K)) p , one has 

»k(k) = [ (sy K (t,x)y'dtdx = c^\k). 

J R[_+ n 

(S ) 

Suppose that go is the capacitary potential of Cf a, (K), i.e., 

Ilsoll^^l+n) = C^\K) & S a90 > 1 K . 

Then go(t,x) = (S^ l /j,K) p '~ 1 (t,x). A further use of [121 Propostion 2.1] derives 

fj, K ({(t,x) G K : S a g 0 (t,x) < 1}) = 0, 

whence 

S a {go ) = S a (S* a g K ) p '~ l > 1 a.e. g K on K. 

Now, Fubini’s theorem and the Holder inequality are utilized to derive 

Cf^(K) < [ S a g 0 dg K 
JM}+ n 

= I [ [ Kt-l(x ~ y)f(s,y)dydsdg K 
J r[_ +ti J o it" 

= / / / [ K^](x - y)dg K f{s,y)dsdy 

JR n JO Js J 

< / S*fj, K (t,x)g 0 {t,x)dtdx 

J R[+ n 

— ll'S'aMA'II LP , (R 1 t +n ) ll^oH Z,P( K + +n ) 

= C^(K), 

thereby completing the proof. □ 

The third is concerning the weak and strong type estimates for Cp . 

Lemma 3.3. Let 1 < p < oo and stand for the class of all nonnegative functions in 

LP(M^_ +n ). If g g L p + ( R^ +n ) and A > 0, then: 

(a) C^\{(t,x) G : S a g(t,x) > A}) < A^|| 5 ||^ (<+n) ; 

(b) f-C^mx) G : S a g(t,x) > \})d\? < |bll^ (<+T 

Proof, (a) This follows immediately from the definition of Cp . 

(6) It is enough to check this inequality for any nonnegative function g G C'^°(R^ +n ). The 
forthcoming demonstration is a slight modification of the argument for [3 Lemma 3.1]. 

For each i = 0, ±1, ±2, • • • and any nonnegative function g G C , Q°(M] l ( _ +n ), we follow the proof of 
|2j Theorem 7.1.1] to write 

Ki = {(t,x) G R 1 ^ 11 : S a g(t,x) > 2'}. 
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Assume that /ij is the measure obtained in Lemma 13.21 for LQ. Then by duality and Holder’s 
inequality, one has 

oo oo « 

V 2*V(^ +n )< V 2^-!) / g(t,x)S*m(t,x)dtdx 

oo 

2 i{p - 1] s*m 

i=—oo 

I LP (R^") 11 ' /11 Lp' (R^_ +rl ) i 


~ 11 ^ 1 1 Lp (R^_ +Ti ) 


< Nli 

— Wd II r r>i'itP 1 + ,I \ 11^7 II T v' n» 1 + n '\ 


Lp' (R^ +n ) 


where 


For k = 0, ±1, ±2, • • • , let 


V(t,x)= Y 2 i(p l) S* a m(t,x). 


Vk(t,x)= Y 2 * (P l)S aHi{t,x)- 


Then it is easy to find that 


77*. G L p (M 1 ( +n ) & lim 77^. = 77 in L p (Ri +n ). 

k —»oo 


o'nn>l+n\ 


We next to prove that 
(3.1) 


Ilp'(r1+”) ~ 


l+n\ 

'* J 


according to two cases. 

Case: 2 < p < 00 . Notice first that 


(3.2) rj(t,x) p> =p' Y Vk(t,x) p ' l 2 k{ - p 1) 5*^ fc (t, x) a.e. (t, x) € K+ +n . 


k=—oo 

So, the Holder inequality yields that 


IIP < 

ll LP , (Ri +n ) ~ 


2-p' 


(/ R i+» Efcl -00 2 fc P(5> fc )P'(t, x)dtdx 

1— p' ‘ 


(/ R i+» T,kL- 00 Vk(t,x)2 k (S*Hk)P' 1 (t,x)dtdx 

Since Lemma 13.21 gives 

OO OO /» c-'s-' 

V 2 kp (S* af i k ) p \t,x)dtdx = V 2 fc P / {SM P \t,x)dtdx = Y 2**Vfc(K 

/TO) 

— — /c——00 JK ^ 7 — — 


l+n\ 


pi+n 


k=—oo 


k =—00 
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and 


E Vk(t,x)2 k (S^p k ) p ' 1 (t,x)dtdx 

=—oo 

E E 2i(p_1)+fc / ( s Mt,x)){s* af i k {t, x )y- i dtdx 

' TCi 


k =—oo i<k 
oo 

< E 2^C^(K k ) 


k =—oo 
oo 


&l+n\ 


« E 

k=—oo 

(HU) is true for 2 < p < oo. 

Case: 1 < p <2. A combination of (13.21) and Minkowski’s inequality gives 
_ p'~ i 

up' 


l L p'( R l + r l ) 


oo . / k \ 

E 2 fc(p_1) / I E 2* (p_1) 5*//i(t,x) ] (S* fj> k (t, x))dtdx 

k=- oo Vi=-oo / 


oo / k / r 

< £ 2 fc ( p - 1 ) E 2 * (p_1) (/ 


k=—oo 


1 + 71 


(S* a p i {t 1 x)) p 1 S* a p i {t 1 x)dtdx 
\ p'~ 1 


E 2 fc ( p - 1 ) E 2 i(p - 1) c , E ) (^) 


El 


k=—co \i =—oo / 

oo 

< E 2 fc(p - 1) C'f“)(/u) 

k=—oo 

oo 

< E 2 fc ( p - 1 VfcK +n ), 

k=—oo 

whence yields (13.11) under 1 < p < 2. 

As a consequence, (13.11) plus 

OO OO 

E 2 ^(R^)< E 2 *cf“)(*r i ) <|MI 




implies the desired inequality in ( 6 ). 

Now, Theorem 11.11 for T Q = S a is contained in the following assertion. 
Theorem 3.4. For a nonnegative Radon measure p on IlE +n and A > 0 set 

Cs{p] A) = inf : compact K C K+"” & p(K) > a| 

(1) If 1 < p < minjg, 1 + then 

p(Bi a \to,xo)) 


(11.31) sup 


V 

\<1 


a>qC',s(m;A) 


< oo<E sup , , 0 n ,, 

(r,to,xo)ER-i~ xM_|_ xM n y p 


< OO. 
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(2) If 1 < p = q < 1 + 2 L then 


(11.311 sup ■ 


A 


x>oC s (jr.,X) 
(3) l<q<p<l + -^ then 

(fL3ll / 


< oo 


sup 

(r,to,xo) £R+ X R_|_ XI 


ti(B r (a \t 0 ,x q)) 

^n+2a(l— p) 


< OO 


A^ 


p ~ q rl \ 

y<OC« PgplJL G L^ p -^^ p - q \R\ +n ). 


\Cs(vA)J A 

Proof. (1) Suppose (11.311 is valid. Then, for a given compact set K C R+ +n , an application of 
Lemma 13.21 and Holder’s inequality gives 


pi + n 


gS*/i K dtdx = S a gdp K < WSagW^^niK)? < ||5|Ilp (r i+« ) M- k ') 7 . 


whence 


11^1 


< 


g(K) 


This shows that for 


one has 


E \(s) = {(L 


x) G 


LP , (Rlj +n ) ~ 

: | S a g(t,x)\ > A| V A > 0 


pl+n 


A/x(-Ba( ff)) < [ \S a g\dg. Ex 

J R1+ 71 


< 


< 


| L p( R l + n) || S a HE x || L p' (]Rl+») 


I LP (R 1 + n )h( E \) 


Therefore, we obtain 


sup \ q g{E\(g)) < ||s||® i +n . 


A>0 'LP(R^)- 

Picking a function g G L p (R; 1 ) +n ) such that S a g > 1 on a given compact K C R^"™, we conclude 
that 

p.{K) q < C^ Sa \K) p and hence X q < Cs(p] A)p V A > 0. 

Conversely, if the last inequality is valid, then 

g(K) q < C^ Sa \K) p V compact K C R+ +n . 

Lemma 13.31 is used to derive that if g G L p ( Ri +n ) then 


f \S a g\ q dp 
J R 1+n 


h(E x )d\ q 


r°° q _ p 

< / C^\E x )—C^\E x )X q - p dX p 

Jo 

POO 

< l| 9 |l" I Cf->(E x) dV 


< IInil 9 


1 +n\ 
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Namely, (11.311 holds. 

Next, an application of (11.511 derives that 

A* ^ C s (fj l ;X)p V A > 0 => n(Bl a \t 0 ,x 0 )) < rp (n+2a_2ap) V r > 0. 

For the reverse implication, we first note that (t,x) € Bi a \to,xo) ensures K^ tg (x — xo) > r~ n 
This, along with Fubini’s theorem, yields 


S*MK(to,x 0 )^ [°° [ If 

Jt 0 \J(j 

<rf (f 

Jt 0 JR n \J 0 

poo 

< / HK(B { r a \to,xo )) 
Jo 


3 dr 

/ is( a ) t \\ — — r n ^~ 1 

( K l_' to (x~ x o)) ™ 
roo 


dr 

Br a \to,Xo) j.n+1 

dr 


J dp K 

dfi K 


r.n+1 ' 


Therefore, for a <5 > 0 to be determined later, we use the Minkwoski inequality to get 

dr \ p 


V + ’ ./lEP 1 +« 


< 

r-^i 


roc ^ \ p 

J o VK{B( a) (to,xo))-^J dtdx 

pc » 

y o ||/iR(s, ( " ) (-,-))|| I/P '( K i+" 

\\Hk{B^ -))|| LP ' (rR") r7l+ i 

POO 

J llw(Bi“>(v) 


dr 

) r n +1 

dr 


+ 

= h+h. 


•' na l + n 


dr 

) r n +1 


Since 


llmr(4“>(-,-))l6 

it follows that 


Lp'(R 1+n ) ~ ^ K ^ P ' 1 f 1+n UK{B( a \t,x))dtdx < n(K) pl 1 

J Mi 


< 


—l r n+2a 


h < 


f‘( R) [ 


ir <p(K)S^~ S ^ 


n+ 

r v 


n-\-2ot nsj 


On the other hand, 


li(B^(t 0 , x 0 )) < r l {n+2a 2ap) V r > 0 


derives 


/ \ / q(n-\-2ac — 2ctp)(p / — l) 

WdK{Bl a \-,-))\\ P Lpl{Rl + n) <r 


< 


This clearly forces 

h<p{KY f>' 

Jo 


fj,(K)r 

S ' -)-l ( q(n+2 a -2ap)(p'-l) | „ | dr 


Hk(B^ ( t , x))dtdx 

q(n+2a-2up)(p l -1) _|_ n _|_2a 


? l + n 


1 (q—p)(n-\-2a — 2ap) 

















18 


S.G. SHI AND J. XIAO 


Upon choosing 6 = p(K) «("+ 2 “- 2 “p) ; we obtain 

II^P^Il*'(**+") < g{K)7 and hence Cj, Sa) (Ky < g(K)7. 

(2) This follows from the above demonstration. 

(3) Suppose (11.31) is valid. Then 

sup \(fi(Ex(g)))* < IbHiprRi+n) V g £ L p { M+ +n ). 

For each integer i £ Z, there is a compact set K{ C Mi_ +n and a function gi £ L p (Mi_ +n ) such that 

< Csi^n v{Ki) > 2*; S a5i > 1*; 


Set 


gj,k = sup 
j<i<k 


l 

/ 2* \ P-9 


for integers j, k with j < k. Then 

k 

lift,fell 

i=j 


p < V" 

iP(R i_+n) ~ ycsto#) 


v 

p-q 


hi 


ii p < 

fl+n 


fc , 

E 


LP(R\+ n ) ~ E-j 
1 —3 


v 

p-q 


Csh: 2 1 )- 


Since for V (t, x) £ Ki and j < i < k one has 

( 2 i 


\Sa 9 jtk (t,x)\ > y Cs ^. 2 i^ j S a gi{t,x ) 


> 

rs_/ 


(. 


it follows that 


2 i < p(Ki) < p 


E 


i \ p-q 


\ VO s (m; 2 ») 


KCsfaX) 

7^77 hj,k) , 


1 

p-q 


and so that 


11^1 jfe II r diUjI+’D ~ 


> 


/ I S Q g jjk \ q dg 
JRl f + n 

fc , 

E 


2 * \ p-q 


~fr-V c s(« 2 *) 


> 


E k 
i=j 


i=j \C s (p; 2 l ) 


— 2 ii^iiL K+ ») 


E k 
i=i 


2 * \ p-g 


*=J \Cs(p;v) 


Csh',2 1 ) 


fc 

E 2 


p-q 

v 


i=j (Cs(g] 2^)p-q 


hr" q 


_q_ \\yjM\ T ,p(M 1 +- 


LP(Ri+™)‘ 


This is the desired result thanks to 


f 


A q 


d\ 


< 


E 


2 p-q 


C s (g-,\)J X ~ i=_oo (C , 5 (m; 2*)) p - 9 


<1. 
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Conversely, if 


then setting 


f 


A? 


dX 


< oo, 


g) — 


C S (»; A) J A 

(. v(E 2i (g )) - n(E 2i +i(g )))^i 


i =-oo 


<? 

P—9 


for each integer i = 0, ±1, ±2, • • • , and g S C , Q°(Rl t +n ), we use an integration-by-part, the Holder 
inequality and Lemma 13.31 to produce 


[ \S a g\ q dg 
J Rl +n 


X q dg(E\(g)) 


< 


< 


< 


< 


£ (»(EAg))~li(E 2i+1 (g)))2 iq 

i =—oo 

/ oo 

(TpA^g)) 2 ^ £ 2^Cf“)(P 2i (g)) 


(TpA^g))^ U°°C^\{(t,x) € R^_ +ri : |S a g(t,®)| > A})dA p 

p—q 

(Tp^qA'i g)) p I 1 9 11 (gi+nj 


< llflll 9 


l+n\ • 


)' 

In the last inequality we have used the following estimation: 

{p{E 2 i{g)) - g(E 2 i+i(g)))J^i 


CW/qg)) p ^ ( £ 

\i=—<y 
/ oo 

E 


< 

t~Kj 


{C s (li-,AE 2i (g)))p-i J 

{p(E 2 i(g)))E^ - (g(E 2 i+i(g)))Aj 


(CsAA E 2 i{g))) p - q 


< 


dsp-v 


' o {Cs(g-,s))p-\ 


rf; 


A p 


dX 


P-Q 

V 


\C s (p',s) J A 

Needless to say, the equivalence 

Q P£i € L q JP- l V(P- q \R 1 + n ) 

follows from Lemma l3,ll b) and a modification (cf. [0 Theorem 2.1]) of the argument for 

CL2D O P*/z € Lf , ~ 1 V(P- q \ R^), 

and hence the interested reader can readily work out the details. 


□ 


"s |*Q 
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